We find new solutions corresponding to torus-like generalization of dielectric D2-brane from the viewpoint of D2-brane action and N D0-branes one. These are meta-stable and would decay to the spherical dielectric D2-brane.
Introduction and Preliminaries
Type II superstring theories possess stringy solitons called Dirichlet-branes (D-branes) and they have been attracting our attention as a clue to resolve the non-perturbative aspects. As originally defined, a Dp-brane is a (p+1)-dimensional hypersurface in 10-dimensional space-time on which open strings are allowed to end and the massless modes of the open strings form a multiplet of supersymmetric U(1) gauge theory, a vector field A a , (9−p) real scalar fields Φ i and their superpartners [1] . We will use a, b for world-volume indices of Dp-branes, i, j, k for transverse indices of that and µ, ν for space-time indices.
The bosonic part of the low energy theory on a single Dp-brane world-volume is described by an abelian Born-Infeld action of the form [2] 
where T p = 2π/(2πℓ s ) p+1 g s is the Dp-brane tension and λ = 2πℓ 2 s . F ab is a field strength of the gauge field on the world-volume theory. A dilaton φ, a metric G µν and an antisymmetric tensor B µν , which are generically called Neveu-Schwartz fields, are fields in the space-time, so they appear in the above action as pullbacks to the world-volume. We'll use the symbol P [· · · ] to clarify the pullbacks, for example, P [G ab ] = ∂x µ ∂σ a ∂x ν ∂σ b G µν . To simplify the action we often employ the static gauge x a = σ a , a = 0, 1, · · · , p ,
In this case P [G ab ] is written as
One of the important features of the abelian Born-Infeld action is that it can capture some geometrical informations about the Dp-brane and strings attached to or dissolved in it [3, 4, 5, 6, 7] . For instance, in the case of a D3-brane world-volume theory, a point charge
Coulomb gauge field become a BPS saturated solution if one of the scalar fields, say Φ 9 , is exited. The excitation of Φ 9 implies that the shape of the D3-brane is like a spike and, indeed, this configuration is identified with a fundamental string attached to the D3-brane [3] .
In addition to the massless NS spectrums, closed strings in type II superstring theories contain Ramond-Ramond massless spectra. A D-brane carries an R-R charge and couples to R-R potentials as [8, 9, 10 ]
This is an abelian Chern-Simons action for the single Dp-brane. Here µ p = T p is the R-R charge of the Dp-brane and C (n) denotes the R-R n-form potential. n takes odd (1, 3, 5, 7, 9) for type IIA and even (0, 2, 4, 6, 8, 10) for type IIB. In the presence of non-zero R-R field strength G (n+1) = dC (n) , the abelian Chern-Siomons action gives some contribution to potential energy of the Dp-brane world-volume theory, which implies existences of new solutions. For example, a spherical D2-brane, in the x 1 , x 2 , x 3 directions, with N magnetic fluxes is usually unstable against decaying to N D0-branes. In the background of constant G
0123 = −4h, however, this spherical D2-brane expanding in the x 1 , x 2 , x 3 directions with a radius hλN becomes globally stable. This is so-called a dielectric effect or spherically dielectric D2-brane [11] .
Low energy world-volume action for the single Dp-brane is realized by the abelian BornInfeld action (1) plus the abelian Chern-Simons action (4). Now we move on to a world-volume action for N coincident Dp-branes. If N parallel Dp-branes close to each other, the ground
state modes of open strings stretched between these Dp-branes become massless and therefore world-volume gauge symmetry is enhanced to U(N) [13] . To obtain the world-volume action of the N coincident Dp-branes, in the actions (1) and (4), we would modify A a and Φ i as adjoint representations of U(N) Lie algebra and take a trace of the integrand. The action obtained like this way, however, is not consistent with T-duality. The correct one is given by Myers et al. as follows [11, 12, 14, 15] .
The non-abelian Born-Infeld action for the N coincident Dp-branes, which is consistent with T-duality, is modified into the form
where
are symmetrized in the trace. By setting φ = B µν = 0 and expanding around G µν = η µν , the non-abelian Born-Infeld action is approximated of the form
This action is also obtained by the dimensional reduction of the bosonic part of 10-dimensional U(N) SYM theory to (p + 1)-dimensional theory. It is easy to see that the potential term
2 is characteristic of the non-abelian case, which originally comes from the term √ det Q. This potential term reaches to global minima when all Φ i are simultaneously diagonalized. The diagonal elements of each Φ i multiplied by λ represent the positions of the individual Dp-branes in the x i direction.
The non-abelian Chern-Simons action for the N coincident Dp-branes , which is consistent with T-duality, is modified into the form
where n takes odd for type IIA and even for type IIB. Here i Φ denotes the interior product defined as
The remarkable property of the non-abelian Chern-Simons action is that there are coupling terms to the R-R potential C (n) with n ≥ p + 3. Because of this fact, a non-zero constant R-R field strength G (p+4) generates a new potential term for the N coincident Dp-branes worldvolume theory. For instance, in the presence of the constant G
0123 = −4h, the configurations of N static D0-branes, i.e. all simultaneously diagonalized Φ i , are no longer globally stable. The potential energy reaches to global minima when
and
satisfy the commutation relation of the SU(2) Lie algebra. These solutions are known as fuzzy two-spheres. If
belong to the N dimensional irreducible representations of SU(2) Lie algebra, the radius of the fuzzy two-sphere is almost equal to hλN. This is the dielectric effect viewed from the N D0-branes world-volume theory, often called Myers effect.
In this paper we explore torus-like configurations of the dielectric D2-brane from the two In section 2 we review the dielectric effect briefly. In section 3 the torus-like configurations of the dielectric D2-brane are obtained as classical solutions of equation of motion for the D2-brane world-volume action. We try to reproduce the same configurations from the viewpoint of the N D0-branes action in section 4. In section 5 we make some discussions.
Brief Review of the Dielectric Effect
The world-volume theory of N coincident Dp-branes is described by non-abelian Born-Infeld action plus non-abelian Chern-Simons action, which are consistent with T-duality [11, 12, 14, 15] . The remarkable fact is that, in the presence of constant R-R 4-form field strength, the N coincident D0-branes are unstable against expanding into a spherical D2-brane [11] . In this section we briefly review this dielectric effect.
The Dielectric Effect from the D2-brane Action
In this subsection we shortly see the dielectric effect from the viewpoint of a single D2-brane world-volume theory. The system considered here is the spherical D2-brane with N magnetic fluxes in the presence of constant R-R flux G
0123 = −4h. The space-time flat metric is taken to be
Here the x 1 , x 2 and x 3 directions are expressed by the spherical coordinates as
Instead of the usual static gauge, it is useful to take the world-volume coordinates of the spherical D2-brane as σ 0 = t, σ 1 = θ, σ 2 = φ. Suppose that the position of the spherical D2-brane is at r = R and x s = 0. The R-R flux on the spherical coordinates is G (4)
hr 3 sin θ in terms of the R-R potential. The field strength of the gauge field is given
N sin θ and other fields are set to be zero.
In these backgrounds, the world-volume action of the spherical D2-brane is given by
Thus, the potential energy is expressed by a function of R as
The first term is just the square root of the sum of the spherical D2-brane mass squared and N D0-branes mass squared. If we assume 4πR 2 T 2 ≪ NT 0 , this potential energy can be approximated as
This approximated potential energy takes extrema at R = 0, hλN. The potential energies at these points are
NT 0 (h 2 λN) 2 respectively, so the spherical D2-brane with R = hλN is stable. In this case the above assumption insists h 2 λN ≪ 1.
Before proceeding to the next subsection we should estimate a region where our calculations so far are reliable. If we take a typical length of the system to be R sys , dimensionless square of gauge coupling constant on the D2-brane is given by g 2 gauge R sys ∼ g s R sys /ℓ s and that of gravitational coupling constant becomes
sys . The Born-Infeld action is valid where g 2 gauge R sys is fixed and the gravitational interactions are neglected, i.e., in the decoupling limit ℓ s ≪ R sys and g s ≪ 1. So in the case of R = hλN, we should require ℓ s ≪ hλN.
Myers Effect
In this subsection we study the dielectric effect from the viewpoint of N coincident D0-branes.
The world-volume action employed here is (6) plus (7). The Φ 4 , · · · , Φ 9 are set to be zero. Now the world-volume action of the N coincident D0-branes in the background of constant R-R flux G
0123 = −4h is given by
where i, j, k run 1, 2, 3. This action is valid when the commutators iλ[Φ i , Φ j ] are small enough.
The potential energy can be written as
And in the static case, the equation of motion is obtained by varing the potential energy,
All simultaneously diagonalized Φ i are one of the solutions of this equation of motion, where the potential energy is equal to NT 0 . On the other hand, we can find more nontrivial solutions which satisfy the relation of SU(2) Lie algebra
The non-commutative geometry which satisfies the above relation is often called fuzzy twosphere. If all Φ i /2h belong to N dimensional irreducible representations of SU (2) Lie algebra, the radius of the fuzzy two-sphere is given by
and the potential energy can be estimated as
This potential energy is less than that of the all simultaneously diagonalized solutions and this means that the fuzzy two-sphere is stable. If the N is large, the radius and the potential energy of the fuzzy two-sphere match up to those of the spherical D2-brane calculated in the previous subsection up to 1/N 2 correction.
As a preparation for a later section, we examine the geometry of the fuzzy two-sphere in detail. By using variables
the equation of motion (16) is rewritten as
In the case of the fuzzy two-sphere, J + and J − are ladder operators of SU(2) Lie algebra and J 3 is the Cartan subalgebra. The explicit matrix form of J 3 in the N dimensional irreducible representation is given by
. . .
where the superscript is to denote the irreducibility. Each diagonal element multiplied by 2hλ
would be interpreted as the position of each D0-brane in the x 3 direction. Here we call the D0-brane corresponding to the (m, m) element as the mth D0-brane. The explicit matrix forms of J + and J − belonging to the N dimensional irreducible representations are given by
The off-diagonal elements (m, m + 1) or (m + 1, m) multiplied by 2hλ would represent the extension, to the radial direction of the x 1 -x 2 plane, of the cell between the mth D0-brane and the (m+1)th D0-brane. The factor 2hλ is defined by the fact that Tr (λΦ
On the arguments so far, we chose the irreducible representations of SU (2) Lie algebra as the solution of (21). But reducible representations of SU (2) can also be the solutions. For example 2N ×2N matrices,
become a solution and represent two fuzzy two-spheres located at x 3 = 2hλc and
respectively. The potential energy of this solution is higher than that of a fuzzy two-sphere which is constructed by 2N dimensional irreducible representations, but lower than that of N coincident D0-branes.
Since each component of the commutators iλ[Φ i , Φ j ] is of the order of h 2 λN, our calculations are reliable when a relation h 2 λN ≪ 1 holds.
A Torus-like Dielectric D2-brane
In this section we find out configurations of a torus-like D2-brane with N magnetic fluxes in the presence of constant R-R flux G Let us consider a case where the center of the spherical dielectric D2-branes is located at x 3 = 0 ( Fig.1 (a) ). Since the radius of the spherical D2-brane is given by hλN, adjacent surfaces Fig.1   (b) ). This tachyonic mode would imply a deformation of the topology of the sphere and, at hλN > ℓ, the shape of the D2-brane will become a distorted torus (Fig.1 (c) ). We call this configuration a torus-like dielectric D2-brane.
The world-volume theory on the D2-brane can be described by the abelian Born-Infeld action (1) plus the abelian Chern-Simons action (4). We consider the torus-like D2-brane with N magnetic fluxes in the presence of the constant R-R 4-form filed strength G (4) 0123 = −4h, thus the relevant fields are the metric G µν , the field strength of the gauge field F ab and the R-R 3-form potential C (3) . Since the shape of the D2-brane is a distorted torus, instead of the static gauge, we employ the gauge
Here (t, θ, z) are the world-volume coordinates with t ∈ R, −π ≤ θ ≤ π, and −ℓ ≤ z ≤ ℓ.
Now the action of the D2-brane is written in the form respectively. In order to obtain F θz as a functional of R, we use the equations of motion for A θ and A z . These equations lead that the quantity D defined by
depends only on t. By using this D, λF θz can be expressed as
We only consider the static case hereafter,Ṙ = 0 and D is a constant. Then the eq. (28) becomes simply
Since the metric on the world-volume is given by ds Furthermore, D can be determined by the quantization condition of the magnetic flux. Now the number of the magnetic fluxes on the D2-brane is N, the condition is written as
Here S is the area of the D2-brane world-volume,
The field strength of the gauge field, therefore, becomes
Using this expression, the action (26) is rewritten in the form
and the potential energy is given by
The first term is the square root of the sum of the D2-brane mass squared and N D0-branes mass squared, as expected.
Now the potential energy is obtained as a functional of R(z).
The next task is to get the explicit form of R(z). The equation of motion for R is obtained by varing the potential energy.
= 0.
Here P is defined as
One can easily integrate the eq.(35) once and obtain
where C is an integration constant and R 2 ± are defined as
If X ≤ 1, the eq.(37) shows that R ′ = 0 at R = R ± and R is periodic with R − ≤ R ≤ R + . Because we are studying the configurations like Fig.1(c) , the minus (plus) sign of the eq.(37) is chosen in 0 ≤ z ≤ ℓ (−ℓ ≤ z ≤ 0). We only consider the region where 0 ≤ z ≤ ℓ in the following. The eq.(37) is further integrated as
where we choose such an integration constant that R = R + at z = 0 and R = R − at z = ℓ. F (ψ, k) and E(ψ, k) are the incomplete elliptic integrals of the first and second kinds respectively, k is the elliptic modulus and ψ is the angle given by
The range of the elliptic modulus is 0 ≤ k ≤ 1 and that of the angle is 0 ≤ ψ ≤ π 2
. Some properties of the elliptic integrals are listed in the appendix A. Now we will examine the solutions (39) in detail. For this purpose, it is better to express the quantities in terms of the modulus k. As we will see later, however, two distinct solutions correspond to the same k. In fact, X = 8ChP 2 is more suitable for a parameter of solutions.
By the definition (40), k can be expressed as a function of X. The range of X is restricted to X ≤ 1, which is consistent with 0 ≤ k ≤ 1. In general, two distinct values of X correspond to the same k, for example, k = 0 at X = −∞, 1. The only exception is k = 1 at X = 0. k increase monotonously in the region of X < 0, and decrease monotonously in that of 0 < X < 1 (Fig.2 ).
Now we rewrite the quantities obtained so far as functions of X. By the definition of S, we obtain S = 2π hP
where E(k) is the complete elliptic integral of the second kind. By using this equation (42), P is written as
By using this equation (43) and the definition of X (38), we can rewrite the constant C by means of X as
where ∼ holds when h 2 λN ≪ 1. Here we take a choice which gives the smaller area. S is now written in the form
In the limit of h 2 λN ≪ 1, S is equal to 4π(hλN) 2 at X = 0. The solution of X = 0, therefore, corresponds to the spherical D2-brane in the previous section. R ± are given by
R + = R − when X = 1, thus the shape of the D2-brane becomes a torus. Up to order h 2 λN, the radius of the cycle, which does not wind any circle of the target space, equals to 2 π hλN.
The half of the circumference of the x 3 circle ℓ is given by
K(k) is the complete elliptic integral of the first kind. Notice that ℓ depends on two quantities, hλN and X, in the limit of h 2 λN ≪ 1. As it is usual to fix ℓ, the eq. (48) is interpreted as a relation between hλN and X. X and hλN govern the shape and size of the D2-brane respectively.
Finally z is written as
The results in the limit of h 2 λN ≪ 1 are collected in Table 1 . As already mentioned, we see that X = 0 corresponds to the spherical D2-brane which agrees with the one obtained in § §2.1
and X = 1 corresponds to the toroidal D2-brane whose potential energy is equal to that of N D0-branes. Even though the potential energy takes minimum for the spherical D2-brane, if h 2 λN is small enough we could expect that the torus-like D2-branes are meta-stable.
The shapes of the torus-like D2-branes where X = 0, 0.75, 0.999 −3, −999 are depicted in Fig.4 . For these solutions, R − /hλN = 0, 0.299, 0.616, 0.299 ,0.616, respectively. The remarkable D2-brane configuration is like Fig.4(d) . In this case, another torus-like D2-brane seems to appear in the interior of the original torus-like D2-brane (Fig.3) . However, the worldvolume of the D2-brane intersect at z = ℓ. The space-metric would not be flat around there and our calculations might go wrong. For this reason, we do not take seriously the results for the region −∞ < X < 0. Table 1 : The behaviors of ℓ, R ± and V D2 in the limit of h 2 λN ≪ 1. 
Torus-like Generalization of Myers Effect
In the previous section, we obtained the various torus-like configurations of the D2-brane, including the spherical configuration. As we have seen in the § §2.2, the spherical dielectric D2-brane could also be obtained from the world-volume theory of the N D0-branes. In this section, we express the torus-like D2-branes from the viewpoint of the world-volume theory of the N D0-branes.
We consider the same system as in the § §2. of non-zero components in the matrices so much. Therefore, we assume the form of J 3 as
Note that the compactification of the 
D0-branes and 2ℓ
′ multiplied by 2hλ is the circumference of the compactified circle. We also assume the forms of J ± as
R 1 , · · · , R N multiplied by 2hλ represent the extension, to the radial direction in the x 1 -x 2 plane, of the cell between adjacent D0-branes. Because the configurations of D0-branes should be symmetric with respect to the reversal at z = 0, the conditions R n = R N−n (n = 1, · · · , [
must be imposed.
These assumptions are justified by comparing the potential energy (15) and (34). By sub-stituting the assumptions (51),(52) for the eq. (15), we obtain for the original N × N matrix
On the other hand, by using the approximations
the eq. (34) is evaluated in this case as
(55)
The second terms of two potential energies (53),(55) are different. However, if the conditions,
hold for some constant K and arbitrary n, two potential energies become equal up to the order for the fuzzy two-sphere.
By substituting the assumptions (51),(52) for the eq. (21), we obtain equations
′ and so on. Further calculation gives
It is difficult to solve these equations explicitly. In principle, however, if we fix R N , all the other R n and (z n −z n+1 ) are written in terms of R N . One of the solutions is R 1 = · · · = R N and this corresponds to the toroidal configuration. Another non-trivial one is
where n = 1, · · · , N−1. If N is large, this solution corresponds to the fuzzy two-sphere.
In order to get some insights, we explicitly examine N = 3 case here. In this case, R 1 is equal to R 2 and given as a function of R 3 ,
In the range of 0
, R 1 becomes larger as R 3 increase. In
, R 1 becomes smaller as R 3 increase. R 1 = √ 2 at R 3 = 0, 1 and R 1 = R 3 at R 3 = , 0), (
) and (
).
Discussions
In this paper, in the presence of R-R flux G From the viewpoint of the world-volume action of the N D0-branes, we have put the assumptions for the components of the matrices J 3 , J ± and obtained the relations between them.
These relations can be solved in principle. The results of the numerical calculations were given in the case of N = 8 and they match well to the solutions obtained from the D2-brane action. Now let us consider the case where the radius hλN of the spherical D2-brane or fuzzy two-sphere grows bigger than the half of the circumference ℓ of the x 3 -circle. Now ℓ is fixed as
When h is smaller than h ℓ , the spherical configuration is the stablest with the potential energy NT 0 − 2 3
NT 0 (h 2 λN) 2 ( Fig.6(a) ). As h is approaching to h ℓ , the tachyonic modes will appear from the open strings stretched between the adjacent surfaces. And when h grows bigger than h ℓ , the tachyon condensation will occur. Though we cannot trace this process, we know that D2-brane must emit some D0-branes to make its size small. Suppose that M D0-branes are emitted during the tachyon condensation. Then ℓ and hλ(N−M) (< ℓ) are obtained, so we can calculate X or R N in principle and predict the shape of the torus-like dielectric D2-brane after the tachyon condensation( Fig.6(b) ). Of course the torus-like dielectric D2-brane is energetically unstable since the potential energy of it is bigger than that of the spherical dielectric one with the radius hλ(N − M) (Fig.6(c) ). The difference between these two potential energies is, however, less than NT 0 (h 2 λ(N −M)) 2 . Thus if (h 2 λ(N −M)) 2 is small enough, the torus-like dielectric D2-brane can be regarded as a meta-stable state.
The K-theory analysis leads that a non-BPS D-string is a spharelon in string theory [16] .
In our analyses, the meta-stability of the torus-like D2-brane came from the existence of the constant R-R flux, which does not appear in the K-theory analysis. However, the fact that the torus-like D2-brane is meta-stable suggests that these solutions are puffed analogue of the non-BPS D-string. On the other hand, the non-BPS D-string may emit only one D0-brane. It is interesting if we can shrink the cycle of the torus-like D2-brane and compare the properties of these two. It is also a challenging task to ask that a stable non-BPS D0-brane in type I superstring theory can be constructed from circling a D-string with non-trivial Z 2 Wilson line. 
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A The Properties of the Elliptic Integrals
In this appendix, the properties of the incomplete elliptic integrals of the first kind F (ψ, k) and second kind E(ψ, k) are shortly explained. The definition of F (ψ, k) and E(ψ, k) are given by
, k) and E(k) ≡ E( π 2 , k) are called the complete elliptic integrals of the first and second kinds respectively. And at k = 0, 1,
A formula
is used in eq.(50).
